In this paper, we give another approach to the pseudo-achromatic index and the achromatic index of a graph and study upper bounds for them. We have obtained the following best possible upper bounds:
Introduction
Let G = (V,E) be a simple graph and p(G), e(G) and A(G) the order, size and maximum degree of G, respectively. A collection D = {El,E2 ..... E,,} of nonempty subsets of E is a decomposition of G if E is a disjoint union of El, E2 ..... E,,.
If every set in the decomposition D of G is a matching, then we say that D is a proper decomposition of G. The decomposition 9raph D(G) is defined as follows: (i) V(D(G)) = D; and (ii) for i ¢ j, {Ei,Ej} E E(D(G)) if and only if V((Ei)G)r~ V((Ej)c) ¢ (p where (Ei)c is the edge-induced subgraph of G. If D(G) is a complete graph, then we say the decomposition D of G is complete.
By a proper edge k-colorin 9 of a graph we mean a proper decomposition of G into D = {El,E2 ..... E~}. A pseudo-achromatic edge k-coloriny of G is a complete decomposition of G into D = {El,E2,..., Ek }. In either case, the set Ei, i = 1,2 ..... k, is called a color class of D and the vertex set of (Ei)G is called the support of E,.
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The chromatic index z'(G) of G can be defined as the smallest n such that G has a proper pseudo-achromatic edge n-coloring of G. The pseudo-achromatic index }g's(G) of G is the largest number m such that G has a pseudo-achromatic edge m-coloring of G, and the achromatic index tU(G) is the largest number ( such that G has a proper pseudo-achromatic edge (-coloring of G. Example 1. Consider the graph C 4. Fig. 1 shows that ~tr/t(C4) = 2 and t//~(C4) = 3.
The achromatic number, the vertex version of achromatic index, was discussed in [7] [8] [9] and generalized to pseudo-achromatic number in [2, 3] . The generalization is meaningful. For example, in the personnel attribution, we are concerned if there are related people between each pair of different departments as communication representatives of these two departments and we donot care if there are related people in the same department. In this situation, the concept of pseudo-achromatic number is much more meaningful. The achromatic index of complete graphs and complete multipartite graphs has been studied in [4, 6, 10] . In particular, Bouchet [4] proved a remarkable result. Jamison [10] and Chiang and Fu [5] gave the best possible upper bounds for the achromatic indices of the complete graph and the regular complete multipartite graph, respectively. Chiang and Fu [5] also determined the achromatic numbers of regular complete multipartite graphs of certain kinds. Studying the upper bounds for the achromatic index of a general graph, we find that it is appropriate to consider the pseudo-achromatic index of a graph. In Section 2, we find the following upper bounds both of which are best possible.
In Section 3, we show that the upper bound in (ii) actually gives the exact values of the achromatic indices of the graphs mentioned in Theorems 1.1 and 1.2. Furthermore. the pseudo-achromatic indices of these graphs are obtained.
The main results
The following lemmas are well known.
Lemma 2.1. Let G be a graph. Then y(G)<, q"(G)<~ TJ~s(G).

Lemma 2.2. Let H be a subgraph of G. Then T'(H)<~ T'(G), and 7J}(H)<~ TJ~.(G).
Now we are ready to prove our first inequality. 
Theorem 2.3. For any graph G, ~P'(G)~ T's(G)<~ [(e(G) + z'(G))/2].
Proof. It suffices to show that T~s(G)<~[(e(G)+z'(G))/2]. Let z'(G) = n.
(m -n)+ n<~e(G). So that T~(G) = m~< [(e(G) + z'(G))/2J. []
By considering the star graph Kl,q (that is, the complete bipartite graph with bipartition (X, Y) of the vertex set such that IX I = 1 and IYI = q), it is not difficult to see that t/t'(Ki,q) = hrt~(Kl,q) = q = [(q + q)/2] for every positive integer q. This shows that the upper bound in Theorem 2.3 is best possible. Moreover, we can use this bound to obtain a Nordhaus-Gaddum type theorem [1, 11] for the achromatic index and the pseudo-achromatic index.
Corollary 2.4. For any graph G of order p, we have
(i) 2[(p + 1)/2J -1 ~< q"(G) + ~P'(0) ~< T}(G) + 7J}(G) ~< [((p + 4)(p -1 ))/4]. (ii) 0~< T'(G)T'(G)<~ Ts(G)Ts(G)<~' ' - [¼[((p + 4)(p -1))/4j2].
And all the bounds are attainable.
Proof. Alavi and Behzad [1] proved that for an arbitrary graph G of order p the following inequalities hold:
By these results and Lemma 2.2, we have
While,
O<~7~s(G)~s(G)<~TJ's(G)([(P+4)(p-1) 1 ~s(G))
Hence ( Proof. Since the line graph of Ck is Ck, by Lemma 2.6(ii), we need only show that there is a pseudo-achromatic edge m-coloring of Ck for the case when m is odd and k = [(m -1)/2Ira + 1. In that case, there is an achromatic edge m-coloring for Pk+l-Identifying the first and the last vertices, we get a pseudo-achromatic edge m-coloring of Ck.
[] Obviously, by Corollaries 2.7 and 2.8, the upper bound obtained in Thoerem 2.5 is best possible. Since the line graph of Pk+l is Pk and the line graph of Ck is Ck, we can get the following results about the pseudo-achromatic numbers which were previously obtained by Bories [5] . 
A sharp bound
In this section, along the approach developed by Jamison in [10] , we expand the upper bound obtained in Theorem 2.5 into a form which reveals that the upper bound gives the exact value of the achromatic indices of the graphs mentioned in Theorems 1.1 and 1.2. As a consequence, we get the pseudo-achromatic indices of all these graphs. 
